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ZHERGY CRITERIA OF FRACTURE

The Griffith energy principle.

[
“

In the course of the last few years, it has become clear
thet the Griffith equation for the tensile strength of =2 brittle
solid cannot be applied in its ordiginal form i{o brittle fracture
in nomally ductile ateels. X-ray back reflection photographs
ehow(l) that a thin layer at the surface of apparently quite

brittle fracturea of liow carbon steels contains significant plastic

"distortion; the plastic work p 1n this layer amounts to roughly

6

2 x 10 ergs/cm2 if the fracture has occurred not too far below

room temperature. Compared with this value, the surface energy

3 ergs/cmZ) is negligible; consejiently, if an

{a few times 10
exprecsion of the Griffith type can be used at all in thigs case,
the surface energy (representing the work for cresting wit area
of the surface of fracture) has to be replaced by the plastic

(2)

surface work p. Thus the creck propagation condiiion would be

~ ;" Ep
o ~ ps (l)

The presence of considerable plastic distortion at the surface
of fracture raisec the question under what conditions the Griffita
principle of virtual work can be applied to fractures accompanied
by piastic deformation. This principle can be started in the

following menner: let dW be the free energy required for lncreasing
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the length* of a crack from ¢ to ¢ + de, ond - the elastic

energy relecsed simultenecusly in the specimen if this is held
between rigidly fixed grips so that the external forces cannot
do work. The criticzl length of the creck ebove which it ecan

propegate spontaneously is then determined by the conditicn
aw = -du. (2)

It is easily seen that the assumption of rigldly fixed grips
is not essential; the same result is obteined if the crack prop-
sgation is essumed to occur under constant load. Let M(c) be
the zlastic compliance, i.e., the reciprocal spring ccnstant, of

a specimsn contalning a crack of length c; thus,
x = MF (3

where ¥ the tensile force acting upcn the specimen and x its

elastic elongation. The elastic energy of a specimen contain-

s
§ ing a crack of lergth c 1s
é x = MF 2
5 v= /0 ra=HgE (@
I x=0
i%
§§ and
- F2
du=—2"(}i+HFadF; (5)

a =-g%~dc 18 the increment of the slastic compliance due to

& As in the original work of Griffith, orly two-dimensional
cases (cracks in platc-specimens! will Le considersd here
for simplicity. The general results car be sasily extended
to three-dimensional cases.

.-

S P PO NP TS g " v 4
L Siadudas S




e

the incirease by dc of the crack length.
If the crack length increases while the cpecimern is held

between rigidly fixed grips, x = MF = const. and
dx = MdF + FeM = 0; (6)
substitution of MdF = -FdM in eq. (5) gives

(av), = 5 (7)

Un the other hand, if the crack propagates while the load

is kept constant (dF = 0), eq. (5) gives

2.,
N J {
(dU)F - 2 ® \8)
At the simc time, the force F does the work
dL = Fedx = Foai, (9)

since, at constant F, dx = FdM.

Eqs. (8) eud (9) show that, if the crack propagates at
constvant load, half of the external work 1s stored as additlionel
elastic energy of the spocimen, and the other half is available
for increasing the free energy of the crack. If the length of
the crack exceeds the criticel value ut which eq. (2) is just
satisfied, the work of the appiied force is more than sufficieant
to provide the increment of its free energy; the balance creates
kinetic energy and accelerates the rate of crack propagation.

If, on the other hand, the crack propagates between fixed

grips, the elastic énergy of the gpecimen decreases according to
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eq. (7), end its decrement is available for increasing the free
eneryy of‘the crack and the kinetic energy. Coaparison of segs.
(7j, (8}, and () shows that the energy available for crack prop-
agation at fixed load is the same as at fixed grips; in the foimer
case, ~dU in eq. (2) has to be replaced by dL .- (dU)F which 1s
nunerically equal to —(dU)x for the pame incrament dc of the cra:k
length.

In the present paper, two questions will be treated that have
beers widely discussed in connection with the brittle fracture of
structursel and ship steel, and on which a wide divergence of

opirions has arisen. They are:

A) JDoes the Griffith equation

c = V-E-ag— ( @ = surface energy) (10)

represent a necessary and sut'ficient condition of
completely brittle fructure? And is the present
writer's eq. (1) a necessary condition of brittle
fracture in low carbon steels?

B) Undar whet conditicns cen the Griffith principle, eq. (2J,

be applied to fractures involving plasiic defomation

2. The Griffith egcuation as a necessery and sufficient condition

of completely brittla frecture,

It is obvious that eq. (10) is a necessary condition of crack
pronagation in & completely brittle specimen under tension. If it

is no% satisfied, propagation of the c¢rack with the accompanying

T
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incresse of its (fiee) surfuce energy would violate the first or
the second law of thernodynanics. In perticular, themal fluctua-
tions (disruption of atomic bonds zt the tip of the crack by theimal
ectivation) cannot propagate the crack if the Griffith equation

i3 not sutlsfied, because any such process would result in the
creation of free energy from tnemeal energy without heat flowlng
from one reservoir to another of a lower temperasture. OQOf course,
thermel fluctuations of free enexrgy ds occur; hcwever,‘tney cannct
lead to any significant crack propagation becsuss the greatest
anergy fluctuation that may arlse with any probability amounts

to a few electrcn volts which is equiveient to the disruption of

a few individual atomic bonds at the tip of the crack.

From the fact that the Griffith equation 18 a neceazsary condl-
tion of complietely brittle fracture, it does not foliow that it is
also a sufficlent condition. However, it can be proved that once
the condition is setisfied, crack propagation is not merely possible
bt is wund to folloy. This can be shown by proving that, if the
upplied stress has the value given by the Griffigh equation, the
stress concentration at the tip of the crack reaches the value of
the molecular cohesion (theoretical strenzth) at which fracture is
bound to take place.

The molaecular cohesion of & britile meterial can be estimated
in the foliowing well known wey. When a rod of unit croses seceticnal
area bresks with e smocth surface of fracture perperdicular to the
axis of the rod, two new surfaces of unit area are created; the

work required for this is 2a( @ = surface energy). This work

g g

- [ ——————— T W o il . 0 v wi R T ‘h"":’"“"""mm" -_-‘-_“_i--- =



- sy
o RN Gl AP R TRD TR

a9

"

e

€.

i5 done aroinst the intermoleculsr sttractive forces as tne two
fragments ars pulled apart. Fig. 1 shows the variation of the
molecular forces between the two fragments, per unit of cross
rectionsl srea, as a function of the distence d between the loyers
ol uolecules 1n the two frrgments that are edjacent to the surface
of separation. The force is zero vhen d = b = the molecular spacing
in the absence of =stress; it rises to a maximum L which is

tha molecuiar conesion and then falls,to zero with incressing
separation of the fregments. The area belcw the curve is the work
of fracture per unit of the cross sectional area; i.e., it is equal
to 2a . At the maxiioum of the ecurve in Fig. 1, the znount of
eaergy representad by 4ih3 shaded area below the curve must be pre-
sent between all neighbtoring pairs of molecular {or atomic) planes
perpendicular "o tire tensiong
it is identical with the elastic
energy stored in the material
between two adjacent atomic

planes. If, for an order-of.-

\ magnitude estimate, Hooke's

law is assumed to be valid up
Im \

to the taeoreticsal maxlinum crm

\\ S~ of the stress, the density of

i b d elastic energy between two

F‘g ! atcnic planes of unit area,

spaced &t b, is be a‘mg'/.?E. if

it is assumad that the shaded

acmar A
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area 15 cboul one-half «¢f the totel ares below the curve and there-

fore approximately egual to @ , the relationship

BbeT———= @ (11)

o, FYS - (12)
The next question ic: what is the value of the epplied tenslle
stress at which the critlcal value cnlis reached at the tip of
the crack? The siress concentration fector of e surface crack of
deptb ¢ and root readius p 15(3)
gy = zvr-;:? : (13)
this reluticnship shows that the maximum stress would be infinitely
hizh for any finite value of ¢ and ¢ in ean clastic continuum con-
taining a perfectly sharp crack, snd therefore the tensile strength
would be zero. The reason why brittle solids heve o finite strength
ez in the atomic structure of matter. TFig. 1 shows thai Hooke's
law breaks down when the increment of the stomic spzcing becemec
coparable in megnitude with the atomic spreing itself: neer the
tip of the crack the stress versus strain curve levels out, and
the situation can be regarded roughly as it & certain region et ths tip,
comparable in linear cimensions with the interatomic spacing, would be
under the constant stress o instead of obeying Hooke's law.
Thiz case of the laws of elusticity ceasing to be valid in a

A
region at the tip of the crack has been treated by L. FBppl‘A’ and,
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in particuler, by Neuber .

Neuber proved the following
theoren: let thera be a region
of lineer dimensions & at the

tip of the crack {Fig. 2), so

e

— W

that the specimen is Hoockean

-

elastic outside {this regior,
whereas the stress in the rsgion

15 approximately constant at ihs

value exis=ing at its houndary;

b

«
rn

the ratio of the stress in the
regior. to the tensile stress
epplied to the specimen is then equal to the stress. concentration factor
of & crack of the seme length and of the root radius S‘/é in a pufely
Hookean elastic material. (The gquantity € is assumed to be small
compared with the length ¢ of the crack which itself must be small
compared with the dimensions of the specimen.)

In the present case, the diemeter of the regicn ir which Hooke's
law breeks down and the stress levels out ie obviously of the order of
magnitude of the interatomic spacing b; if it is assumed to be
approximately 2b, Neuberfs theorem indicates that the effective stress
councentration factor is that of a crack of tip radius b in a purely
Hookean specimen. According to eq. {13), this is

q= ZV-‘%_‘- (13a)
Thus, the vaiue of the applied tensile stresss at vhich the moleculer

strength is rcached 8t the ip of the crack is given Ly

o, "7z % ; (14)

> bia L% M b
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il Ur’is replaced from (12), the tensile strength o is obtained as

Ea
a"-' —T —
. (15)
which, within the accuracy of the estimate, is identical with the

Griffith equation (10).

This derivstion of the Griffith eyuation directly from the stress
concentration fector of the crack shows tnat, wnen the appiied tensile
stress has the value given by the equaticn, the stress at the tip of
the crack reaches the higheit, value the' can bs withstcod by the
interatomic forces in the msterisl. JAny further straining is bound
to produce crack propagetion snd frecture. In other words, the Griffith

equation represenis not only a necessary but also a sufficient condition

of frecture in a completely brittle specinen.

3, Can the Griffith priveciple be applied to ductile fracture?

In recent years the view has been expressed that the Griffith
energy principle eq. (2) may be applied to all types of fracture, not
only to essentiselly brittle ones. In what follows, it cshould be
polnted out thet this is not so: <ihe prineciple cen only be applied if
plastic deformation is either absent or confined to a thin layer at
the crack walls so that the bulk of the specimen is stilil elsastic.

Fig. 3 indicates the manner of crack propagetion in a purely
elastic materiel: owing to elastic strzin relemse around the crack,
its walls are pulled aspext, snd 3fs lensth incrczses. Fig. 4, on the
other hend, shows ore of the simplest iypes of ductile fracture (6)

’

such as is observed in aluminmm single crystals or (polycrystalline)

plates of ductile meteals in tension. The crack {which in this case hes

Bt o
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& squavre cross section) ic propagated by slip in the plencs AR + CD
and EB + CF, vhere B nnd C are lines perpendiculsr to the plane of
the sketch; in the course of this process the cross section eof the
crack increases until fracture is complete.

The fundamentael difference tetween the propagation of the
brittle crack shown in Fig. 3 end the ductile mechanism of Fig. 4 is
ihat the fommer is based essentially on the elasticity of the
mutlerisl, wnile the latter could work’in the same way éven if the

elastic moduli were infinitely high. The Griffith equation (10Q) shows

ct

directly thai iue tensile sirength of a brittle material would rise to
infinity with an infinite increase of the value of Young's modulus: in
such a materiel, the craci could nct open up because there would be no
elastic strains to release. On the cther hend, the slip mecharism
showvn 1n Fig. 4 1s quite independent of the elastic moduli.

It 1s immedietely obviouc thot the force required for propegating
the crack in Fig. 4 cannot be derived fron the Griftith prinecinle
eq. (2). Ii3 value is simply

F=Y-A (16)

vhere ¥ is the yleld stress of the materiel in tension and A the
prejection of the areas AB plus CD on the plane perpsndicular to the
direction of the tension; if F satisfies eq. (16), the plastic
defomaticn that opens up the crack cen progress, and the crack
propagates. The elastic moduli do not appear in eq. (16); they copla
be infinitely high without any consequence to the propagaticn cf the
crack. On the other hand, infinitely high elastic modulil would make

the right hend side of eq. (2) venish: this shows that the tensile

YWa~ Lo PTPY
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strensth cbteined by zny epplicetion of the Griffith cnergy princirle
would risce to infinity with the elactic noduli.

The conclusion is, then, that the Griffith energy principle
can only be cpplied to fully or substantizally brittle fractures;
ductile fractures ere quite outside its icope.

In arguing the applicability of the elastic enerpgy veleass
principle tc ductile fractures; ceeasjonully the point has been made
thet if the specimen ig lony enough, the elestic energy stored in it
should be sufficlent to produce rapid crack propagation even if the
energy absorption of the creck i3 &s high e85 it is in typicelly
ductile fractures. The answer to this 1s that a fast fracture is not
necescarily & brittle fracture (i.e., a fracture involving very low
energy absorption). Any ductile fracture can be made to run fast, at
least from a certain stuge onurrds, if the specimen is connected in
ceries with a large enough spring {(or, what is the same, if the specimen
is long enough). It can be shown that the condition for a ductile
fracture to become a fast fracture is not eq. (2) bui equality of the

second dexrivatives of W and U,

4. The writer's crack propagation condition for brittle fracture in

normially ductlile steels.

As mentioned in the first Secticn, the present writer has

suggested that btrittle fracture in ductile steels may ohey the crack
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vhich results if, in the Criffith equation {12); the surface energy
is replsced by the surface plastic work p. It can be obtained by
starting from the Griffith principls of elastic enerpy release eq. (2)
and equating the free energy required for producing unit area of the
crack wall to p instend of @ .

The first question 1s: Can the Griffith energy principle be
epplied to a fracture process that involves plastic deformation? It
vas seen in Sectlon 2 that the Griffith equation can he derived from
the elastic stress concentration factor of the crack; however, can
this be done if plastic deformetion tekes place and redistributes
stresses at the tip of the crack? The Neuber principle, mentioned in
Section 2, shows that the stress concentration fzctor can be calculeted
on the basis of the classicel theory of =lssticity if the plasticelly
deformed region is emall compered with the length of the crack. In
that case it can be treated in the manrer explained in connection with
Fig. 2: the stress concentretion factor Js the same as that of a crack
in a purely eiastic body with 2 tip redius equal to half of the
diemeter of the plasticelly defommed regiosn. In fact, this case in only
quantitetively different from that of the completely britile material
in which, in order to tske into account the atamic structure of metter,
the same censideration hiad to bLe applied to the region &t the tip of
the crack in vwhich the stress distritution flattens out owing to the

maximum of the force-disnlacement curve, Fig. 1. The only difference

is that in the Griffith case the dizmeter cf ths non-Hookeen region is

s




of ihe order of the interstomic spacings, while in the brittle

fracture of steel it is about twice the thickness t of the plus- ‘

tically defoimed layer at the surface of the crack. According to

the Inglis equation (13), the stress concentration fector is then

q =z ,V’%' (17)

X-ray measurenents indicute (1) that t is of the order of 0.2 tc

0.4 mm 1in low carbon stcels broken not too far above or below room

temperaturs.

In the Griffith theory, the tensile strength of the specimen

was obtained by dividing the molecular cohesion by the stress
concentration factor. Wwhat 1s the quantity corresponding .o the
molecular cohesion in the brittle fracture of steels? The clue is

given by the important observation (7) that in steels the crack

SIS RS WM TR R o0 i 5 b & LRI L SN BT (et b a4 assm o -

does not propagate centinunusly: before it has broken through & grain
boundary, unconnected small cracksarise in greinc chead of the tip

of the main crack. This shows at once thut the brittle strength of

steel cannot have the order of magnitude of the theoreticei strength ;
{molecular ccohesion); in fact, it must be quite lew if independent

fracture processes can stert ahead of the main crack at points where

the stress cennot be much zhove tli- yield stress. Tnis may be due to

the presence of numnerous invisible cracks scuttered in the meteriel;

or to the well known fect that plastic defermation can produce high

nicroscopic internel stresses and subsequently crack formation, It

seems thrt the clesvege strength of the motordsl aﬁ the tip of the

g
&
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2rack is not, or not much, higher than the ordinary brittle strength
of steel obteined exjerimentaily ss the stress at vhich brittle
fracture occurs. Since the cleavege strength of :ieel depends on the
plestic strain which is difiicul.t to estimate in the smsll region
around the tip of & crack, oniy & rough ldea of its magnitude can be
obtained; it is probebly somewhere between 1C0,000 and 200,000 psi
for a low carbon steel. For a tensile stress of, say, 20,000 psi,
therefore, a stress concestration factor betwe~n 5 and 10 would be
needed. If the thickness t of the cold worked layer ir eq. (16) is
teken a&s 1/100 iach, the necessary crack length

2

(2 =-t-q° (18)

q

c

it
-

15 between 1/16 inch and 1/4 inch; for a tensile stress of 10,000 psi,
the stress concentrsiion factor is four times higher, and the necessary
crack leng’h is between 1/4 inch and 1 inch. These orders of magnitude
appeaxr quite reasonable in the light of experimentel cbservations.

The last question t5 bc discussed ic whether ea. (1) represents
a sufficient &s well as a necessary condition of cruck propeagation.
At this point a significanl difference cpperys between the ficture,
say, of glass and of low carben steal. 7The stress concentretion in

gless 18 not limitea by plazsiic defcmction; in steel, however, the

by & plastic constraint factor which pretzhly hes a value between . snd

3 (ll. If, therefore, the cleavage strength is higher then 2 oxr 3

times the yield sicess I in tension, thz tensile stress zt the tip of

the crack cennot reach ihe Irecture ievel no msiter how nigh the stress

A
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concentration Tector (1.e., no metter how low thie epglied strese is
that cin croduce the highest possible stress 2Y or 3Y at the tip of
the creck). An eadditionel point of greet importance is that the yield
ctress of steel increases with the rate of deformetion more rupidly
Wien the yield siresces of mest metzls; between the usual retes of
"stetice” tests and the fastest vates =t widch messuraaents could be
cerried out it ceens to increese Ly » factor approachinz 3. It

seexs thai, in typlcal cases of britile fraclure in low carbon steels,
the veloclty increwse of the yield stress is the sslient feature of
the phenacilenon. Although cleavige fracture can arise &t siow
deformation rates, it then requires so much plastic defoimation for
producing the nececscery plastic coastraint that the resuliing cleavage
frecture is enything but brittle; its energ;” ebsorption mey be almost
equal to that of & ductile frecture. Typicel brittle fracture in a
low ceaibon steei, therefore, can occur ususlly only after the crack
propagation hes reeched s sufficiently hign velocity; iz laboratory
experiments, the fracture is elmost alweys initiated by some ductile
(fibrous} cracking, eccompanied by considerable local plastic defcrma--
ticn.

It can be said, therefore, that a characteristic festure of

brittle fracture in ductile steels is the enormons decrease of the
crrack propagetion work with increasing velocity of the crack. The

srack propagetion condition eq. (1) meay well be fulfilied for a

repidly running crack with its low valuz of p hut not for a stationany

crock, the propagation of which may require, per unit of crack lengthy

an snersy of i ‘dgher corder of megnitude. In such caces, cleavege
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fracture is initieted in laboretory e¥periiients vy large deforma-

I tions producing strong plastic constredint and usuclly scme Librous
i 3 cracking; the plastic defomstion may huve to extend across the

entire specinien, o tiuat tha yleld losd has to be reached before :
cleavage cracking can start. Aifte. a cleavage crack has arisen, it

£ may accelerate rapidly provided that the condition eq. (1) is

= L

satisfied, so that there is sufficlent elastic energy released during !

the crack propegation to increase the.kinetlc energy around the

A

running crack., In this ranse. it may be assumed that eq. (1)

St

represents the condition for the fagt, and therefore, brittle,

propegation of a cleavage crsck. The initiation of the cleavag%

» howevsr, may have to be done by ductile crack propsgeation rot
governed by eq. (1) or any other brittle crack prepsgation condition

: derived fram the Griffith principle eq. (2).

It should be reuarked that many service fractures seem to start

wlithout significent plastis defomation in spite of stetic loesdins.

Aa interesting possibility for understanding this has recently arisen
and should be discussed in a subsequent paper.

Tnis paper represents an expanded version of remarks thut were
stinuletsi by the work done under Office of Navsl Lesearch Conn ract
No. N50ri-07870, and contributed to the Counference on Brittle Fracture %.
Mechanics huld at thne dacsachusetts Institute of Technology on

October 15 and 16, 1953, under the euspices of the Committee on Ship

P

Structural Design, advisory to the Ship Structure Commaittee, Nationol

Research Council.
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